Extensions of inequalities for unitarily invariant norms via log majorization  by Furuta, Takayuki
Linear Algebra and its Applications 436 (2012) 3463–3468
Contents lists available at SciVerse ScienceDirect
Linear Algebra and its Applications
journal homepage: www.elsevier .com/locate/ laa
Extensions of inequalities for unitarily invariant norms via log
majorization<
Takayuki Furuta∗
Emeritus Professor, Graduate School of Science and Technology, Hirosaki University, 1 Bunkyo-cho, Hirosaki, Aomori-ken 036-8560, Japan
A R T I C L E I N F O A B S T R A C T
Article history:
Received 6 January 2011
Accepted 6 December 2011
Available online 21 January 2012
Submitted by C.K. Li
Dedicated to Professor Hisaharu Umegaki on
his 86th birthday with respect and affection
AMS classification:
47A63
Keywords:
Log majorization
Unitarily invariant norm
Order preserving operator inequality
A capital letter means n × n matrix. T is said to be positive definite
(denoted by T > 0) if T is positive semidefinite and invertible. We
shall showthe followingcentral results via logmajorizationobtained
by an order preserving operator inequality.
Theorem. If A > 0 and B  0, then for 0  α  1, t ∈ [0, 1] and
r  t
{
A
1−t
2 (AtαB)A
1−t
2
}s

(log)
A
w
2 (ArαB
s)A
w
2
holds for
(1 − α)(r − t)
1 − αt + 1  s  1,where w = (1−α)(s− r)+
α(1 − t)s.
Ourresult extends the followingrecentelegant inequalitybyMath-
aru and Aujlia.
Let A, B be positive definite and α ∈ [0, 1]. Then
k∏
i=1
λj(A
1−αBα) 
k∏
i=1
λj(AαB) 1  k  n.
Also some results associated with log majorization are shown.
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1. Introduction
Throughout this paper, a capital letter means n× nmatrix. T is said to be positive definite (denoted
by T > 0) if T is positive semidefinite and invertible.
Following after Ando and Hiai [1], let us write A 
(log)
B for positive semidefinite matrices A, B  0
and call the log majorization if
k∏
i=1
λi(A) 
k∏
i=1
λi(B), k = 1, 2, . . . , n − 1,
and
n∏
i=1
λi(A) =
n∏
i=1
λi(B), i.e., detA = detB,
where λ1(A)  λ2(A)  · · ·  λn(A) and λ1(B)  λ2(B)  · · ·  λn(B) are the eigenvalues of
A and B respectively arranged in decreasing order. By s1(X)  s2(X)  · · ·  sn(X), we denote the
eigenvalues of |X| = (X∗X) 12 , i.e., singular values of X .
A 
(log)
B ensures |||A|||  |||B||| for every unitarily invariant norm, in fact, the log majorization
gives a powerful technique for matrix norm inequalities.
When 0  α  1, the α-power mean of A, B > 0 is defined by
A #αB = A 12 (A−12 BA−12 )αA 12 .
Further A#αB for A, B  0 is defined by A#αB = lim
↓0(A + I)#α(B + I).
Theorem A [10, Theorem 2.10]. Let A, B be positive definite and α ∈ [0, 1]. Then
k∏
i=1
λj(A
1−αBα) 
k∏
i=1
λj(AαB) 1  k  n. (1.1)
Theorem B [10, Corollary 2.13]. Let A, B be positive definite and α ∈ [0, 1]. Then
k∏
i=1
sj
(
(B
1
2 AB
1
2 )
1
2
)  k∏
i=1
sj(A 1
2
B) 1  k  n. (1.2)
This implies
|||(B 12 AB 12 ) 12 |||  |||A 1
2
B||| (1.3)
for all unitarily invariant norm |||.|||.
Also merely (1.3) of Theorem B for positive semidefinite matrices is shown in [8, Proposition 3.7]
motivated by the comparison between two different types of Young’s inequality for matrix version.
We shall show further extensions of Theorem A, Theorem B and related results via logmajorization
obtained by Theorem C which is an order preserving operator inequality.
2. Log majorization via an order preserving operator inequality
In this section, we shall show some results on log majorization obtained by Theorem C which can
be considered as an order preserving operator inequality.
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Löwner–Heinz inequality [9,7] asserts that if A  B  0, then Aα  Bα for any α ∈ [0, 1]. As an
extension of Löwner–Heinz inequality, we have the following result [4, Theorem 1], if A  B  0, then
for p  0
A(p+r)α  (A r2 BpA r2 )α
holds for r  0 and 0  α  1 with 1 + r  (p + r)α.
In order to interpolate both the inequality stated above and an inequality equivalent to the main
result on log majorization by Ando–Hiai [1, Theorem 3.5], we state the following Theorem C.
Theorem C. If A  B  0 with A > 0, then for t ∈ [0, 1], p  1 and s  1,
A((p−t)s+r)α 
{
A
r
2
(
A
−t
2 BpA
−t
2
)s
A
r
2
}α
(.)
holds for r  t and 0  α  1 with 1 − t + r  ((p − t)s + r)α.
The original proof of TheoremC is shown in [5, Corollary 1.2] and alternative proofs are given in [3,6,
133 p.] and best possibility of the exponential power of (.) is proved in [11]. We need the following
variation of Theorem C to give a proof of Theorem 2.1 which is our main result.
Lemma D. If A  B  0 with A > 0, then for t ∈ [0, 1] and 0 < α  1,
A(1−αt)s+αr 
{
A
r
2
(
A
−t
2 B
1
α A
−t
2
)s
A
r
2
}α
(..)
holds for r  t with (1 − α)(r − t)
1 − αt + 1  s  1.
Proof. In Theorem C, put p = 1
α
 1 for 0 < α  1. Then p  1 and s  1 with 1 − t + r 
((p − t)s + r)αin Theorem C can be rewritten as follows:
1 − t + r  ((p − t)s + r)α ⇐⇒ 1 − t + r  (1 − αt)s + αr
and combining the last inequality with s  1 in Theorem C,
1 − t + r(1 − α)
1 − αt  s  1 ⇐⇒ 1 +
(1 − α)(r − t)
1 − αt  s  1
and (.) ensures (..) under the conditions stated in Lemma D by Theorem C. 
Theorem 2.1. If A > 0 and B  0, then for 0  α  1, t ∈ [0, 1] and r  t{
A
1−t
2 (AtαB)A
1−t
2
}s

(log)
A
w
2 (ArαB
s)A
w
2 (2.1)
holds for
(1 − α)(r − t)
1 − αt + 1  s  1, where w = (1 − α)(s − r) + α(1 − t)s.
Proof of Theorem2.1. Wemayassume0 < α  1 since the result is trivial in caseα = 0. Considering
the order of homogeneity of A and B, we have only to prove that I  A 1−t2 (AtαB)A
1−t
2 ensures
I  Aw2 (ArαBs)A
w
2 (2.2)
and the condition I  A 1−t2 (AtαB)A
1−t
2 is equivalently to A−1  (A−t2 BA−t2 )α.
Put A1 = A−1 and B1 = (A−t2 BA−t2 )α and A1  B1  0 with A1 > 0 holds.
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Then (..) in Lemma D yields the following inequality: for 0 < α  1, t ∈ [0, 1] and r  t
A
(1−αt)s+αr
1 
{
A
r
2
1
(
A
−t
2
1 B
1
α
1 A
−t
2
1
)s
A
r
2
1
}α
that is,
A−{(1−αt)s+αr}  A−r2 (ArαBs)A
−r
2 (2.3)
holds for
(1 − α)(r − t)
1 − αt + 1  s  1 and (2.3) is equivalent to the desired (2.2). 
Corollary 2.2. If A > 0 and B  0, then the following inequalities (i) and (ii) hold for every α ∈ (0, 1]
and r  0:
(i) (A
1
2α BA
1
2α )α 
(log)
A
1
2 BαA
1
2 
(log)
A
1+αr
2 (A
−r
2 BA
−r
2 )αA
1+αr
2
and
(ii) (B
1
2 A
1
α B
1
2 )α 
(log)
A
1
2 BαA
1
2 
(log)
A
1+αr
2 (A
−r
2 BA
−r
2 )αA
1+αr
2 .
Proof.
(i) For the second log majorization, we have only to put s = 1 and t = 0 in Theorem 2.1. For the
first log majorization, by homogeneity of order, we have only to prove that A
−1
α  B ensures
A−1  Bα which is nothing but Löwner–Heinz inequality.
(ii) Since the second log majorization is shown in (i), for the first log majorization, we have only to
prove that B−1  A 1α (which is equivalent to A−1α  B) ensures A−1  Bα , which is nothing but
Löwner–Heinz inequality. 
Remark 2.1. The first inequality in (i) of Corollary 2.2 is the famous Araki inequality [2].
3. Further extensions of Theorem A, Theorem B and related results associated with logmajoriza-
tion
We shall show further extensions of Theorem A, Theorem B and related results via logmajorization
obtained in Section 2.
Corollary 3.1. If A > 0 and B  0, then the following inequalities (i)–(iv) hold for every α ∈ (0, 1], and
c  α:
(i)
(
A
c−α
2α BA
c−α
2α
)α 
(log)
A
c−α
2 BαA
c−α
2 
(log)
A
c
2
(
A
−1
2 BA
−1
2
)α
A
c
2
(ii)
(
B
1
2 A
c−α
α B
1
2
)α 
(log)
A
c−α
2 BαA
c−α
2 
(log)
A
c
2
(
A
−1
2 BA
−1
2
)α
A
c
2
(iii) |||
(
A
c−α
2α BA
c−α
2α
)α |||  |||A c−α2 BαA c−α2 |||  |||A c2 (A−12 BA−12 )α A c2 |||
and
(iv) |||
(
B
1
2 A
c−α
α B
1
2
)α |||  |||A c−α2 BαA c−α2 |||  |||A c2 (A−12 BA−12 )α A c2 |||
where |||.||| means a unitarily invariant norm.
Proof. For the proofs of (i) and (ii), we have only to replace A by Ac−α and r = 1
c − α > 0 for c > α
in Corollary 2.2 since the result is trivial in the case c = α. Moreover (iii) follows by (i) and also (iv)
follows by (ii) respectively since X 
(log)
Y ensures |||X|||  |||Y |||. 
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Remark 3.1. Put c = 1 in (i) of Corollary 3.1, then
(
A
1−α
2α BA
1−α
2α
)α

(log)
A
1−α
2 BαA
1−α
2 
(log)
AαB for A, B  0 and α ∈ (0, 1] (3.1)
and the second log majorization of (3.1) easily implies (1.1) itself of Theorem A.
We remark that the first inequality of (3.1) is Araki inequality [2].
Remark 3.2. Put c = 1 and α = 1
2
in (ii) and (iv) of Corollary 3.1, then
(
B
1
2 AB
1
2
) 1
2 
(log)
A
1
4 B
1
2 A
1
4 
(log)
A 1
2
B for A, B  0 (3.2)
and
|||
(
B
1
2 AB
1
2
) 1
2 |||  |||A 14 B 12 A 14 |||  |||A 1
2
B||| for A, B  0 (3.3)
that is, (3.2) and (3.3) are more precise estimations than (1.2) and (1.3) of Theorem B respectively, that
is, (ii) and (iv) of Corollary 3.1 are further extensions of Theorem B.
At the end of this short paper we shall show other applications of Theorem 2.1, Corollary 2.2 and
Corollary 3.1 as follows.
Corollary 3.2. For every A, B  0 and 0  α  1
(AαB)
s 
(log)
A
(1−α)(s−r)
2 (ArαB
s)A
(1−α)(s−r)
2 for r  s  1.
Proof. we have only to put t = 1 in Theorem 2.1. 
Corollary 3.2 implies the following well known result by putting r = s.
Theorem E [1, Theorem 2.1]. For every A, B  0 and 0  α  1
(AαB)
r 
(log)
ArαB
r for r  1.
At the second log majorization of (i) of Corollary 2.2, replace α by
q
p
for 0 < q  p, r by p and finally
replace B by ApαB
p, we have the following result.
Theorem F [1, Theorem 3.3]. If A > and B  0, then
A
1
2 (ApαB
p)
q
p A
1
2 
(log)
A
1+q
2 (A
−p
2 BpA
−p
2 )
αq
p A
1+q
2
for every 0  α  1 and 0 < q  p.
Remark 3.3. Also replace A by Aα and put r = 1
α
in (i) of Corollary 2.2 or put c = 2α in (i) of Corollary
3.1. Then we have the following result which is shown in [1, Corollary 3.4].
(A
1
2 BA
1
2 )α 
(log)
A
α
2 BαA
α
2 
(log)
Aα(A
−1
2 BA
−1
2 )αAα for A > 0, B  0 and α ∈ [0, 1].
Needless to say, the first inequality is Araki inequality [2].
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